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I. INTRODUCTION 
The concept of quasi-uniform structure was introduced by Csaszir [I]. 
In [S], Pervin showed that every topological space has a quasi-uniform 
structure which induces the original topology. This paper is primarily con- 
cerned with the concept of completeness of quasi-uniform structures. Several 
constructions of completions of quasi-uniform structures are given. It is 
shown that a Hausdorff quasi-uniform structure need not have a HausdorfI 
completion. 
All facts concerning quasi-uniform spaces which are used in this paper 
can be found in [3]. 
DEFINITION 1.1. Let X be a non-empty set. A quasi-uniform structure for 
X is a family %’ of subsets of X x X such that: 
(1) d = {(x, x) : K E X} C U for each U E Q; 
(2) if G~%and UC V, then VE@; 
(3) if C, VE@, then Cn VE@; 
(4) for each U E% there exists V E~Y such that V 0 VC U. 
DEFIKITION 1.2. If +Y is a quasi-uniform structure for a set X, let 
1, = {A C X : if a E A there exists U E Q such that U[a] C A}. 
Then t, is the quasi-uniform topology on X generated by ‘+Y. 
DEFINITION 1.3. Let (X, i) be a topological space and let 4 be a quasi- 
uniform structure for X. Then % is compatible if I = t4 . 
If (X, t) is a topological space and 0 E t, let 
S(0) = 0 x 0 u (X - 0) x x. 
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In [5], Pervin showed that (S(0) : 0 E t} is a subbase for a compatible quasi- 
uniform structure for X. We will refer to this as the Pervin structure. The 
following definition is due to Sieber-Pervin [6] and is equivalent to the usual 
definition of a Cauchy filter in a uniform space. 
DEFINITION 1.4. Let (X, a) be a quasi-uniform space and 9 a filter on 
X. 9 is 9-Cauchy if for every U E % there exists x = x(U) such that 
U[x] E 9. 
DEFINITION 1.5. A quasi-uniform space (X, %) is strongly complete (re- 
spectively complete) if every ‘%-Cauchy filter converges (respectively has an 
adherent point). 
DEFINITION 1.6. A completion of a quasi-uniform space (X, %) is a 
complete quasi-uniform space (Y, V) such that X is quasi-uniformly isomor- 
phic (relative to % and V) to a dense subset of Y. 
2. A CONSTRUCTION AND SOME EXAMPLES 
In [7], Stoltenberg proved that every quasi-uniform space has a strong 
completion. The proof is long and involved and it is not clear if any separation 
properties the space may possess carry over to the completion. The following 
construction shows that every quasi-uniform space has a rather simple com- 
pletion. 
CONSTRUCTION 1. Let (X, %) be a quasi-uniform space and put 
X* =Xu{/3} where/?$X. For UE@!, let 
S( 73) = u u ((/3, x) : x E x*>. 
Then 33 = {S(U):UE%} f orms a base for a quasi-uniform structure 
Q* for X*. Note that S(U) [/I] = X* for each U E ‘%, and S(U) [x] = U[x] 
if x E X. Clearly, every filter 9 on Xx converges to 8. Hence (X*, %*) is 
strongly complete. Also, 6* A X x X = +Z and i : (X, a) -+ (X*, a*) is a 
quasi-uniform isomorphism. Since X is dense in X*, (X*, %*) is a comple- 
tion of (X, Q). In fact, X* is compact and t4* = t, U {X*}. 
Fletcher [2], working independently, also discovered the above construc- 
tion. If X is T,, , then X* is To and X* is never Tl . Thus the following 
question naturally arises. Does a T,( TJ quasi-uniform space have a T&Z',) 
completion or strong completion I 
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EXAMPLE 1. We give an example of a Hausdorff quasi-uniform space 
that does not have a Hausdorff completion and consequently does not have a 
Hausdorff strong completion. Let X denote the real numbers and 
Set 
A = {l/n : n = 1, 2,...}. 
t = {E - B : B C A and E is open in the usual topology}. 
(X, t) is Hausdorff but not T3 . Let 9 denote the Pervin quasi-uniform struc- 
ture generated by t. Suppose (X*, %*) is a completion for (X, 4V). We may 
assume that X = X* and 43 = X x X n 4*. Let F be the filter on X 
generated by (A, {$, Q ,... >, (4, $ ,... } ,... }. Then there exists an ultra-filter A? 
on X such that .A 3 9. Since % is pre-compact, A is a Cauchy filter. Let A 
be the ultrafilter on X* generated by .A?. If U* E a*, U* n X x X = U E 4 
so that there exists x E X such that U[x] E A!. Clearly U*[x] E A. Hence 
A? is Cauchy. Since (X*, %*) is complete, there exists x* E X* such that 
.A? converges to x*. Thus every open neighborhood of x* must meet every 
set of the form (l/n, l/(n + l),...}, (n EN). We show that 0 and x* can not be 
separated by disjoint open sets. Let 
U=(X-A x X-A)U(A XX). 
Then there exists U* E %‘* such that U = U* n X x X. Now 
U*[O] n A = ~zr. Therefore, 0 f x*. Suppose Or , 0, E t* such that 0 E 0, 
and x* E 0,. Then 0, n X E t so there exists E > 0 such that 
((- E, c) - A) C 0, n X. Now there exists positive integers N and k such 
that 
l/N< E and l/K E 0, n X n (l/N, l/N + I,...}. 
Since l/k E 0, n X E t there exists 6 > 0 such that 
(l/k - 6, l/k + 8) - A C 0, n X. 
Clearly 
[(- E, 6) - A] n [(l/K - 6, l/k + 6) - A] # er. 
Therefore, 0, n 0, f o and (X*, @*) is not Hausdorff. 
EXAMPLE 2. We give an example of a quasi-uniform structure Q for the 
set N of natural numbers such that: 
(1) tQ is the discrete topology, and 
(2) (N, @) does not have a Tl strong completion. 
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Let U, = {(x, y) : x=yorx>n},9={U,,:n~N},andlet4denote 
the quasi-uniformity generated by the base @. Suppose (N*, @*) is a strong 
completion for (N, %). We may assume that m = N* and G!/ = 4%” n N x N. 
If 9 = {N}, s is a Cauchy filter on (N, 4?). Let # denote the Cauchy filter 
on (N*, G’J*) generated by Ft. Since (N *, @*) is strongly complete, there 
exists n* EN* such that 9* converges to n*. Clearly, n* EN* - N. Let O* 
be any open set in N* containing TZ *. Then 0* E Z@ and 0* n NE g. Thus 
0* n N = N. For each n E N, we have n E 0* for every open set in N* con- 
taining n*. Thus N* is not Tl . 
3. CONSTRUCTIONS OF A COMPLETION 
LEMMA 1. Let (X, %) be a quasi-uniform space and Y a subbase for 42. 
Then a filter 9 converges to x ;f and only if for each S E Y we have S[x] E St. 
Throughout this section we will let (X, @) denote a quasi-uniform space 
with a base 99 such that for any V EG? we have that V 0 V = V. If % has a 
subbase with this property then the base generated by the subbase also has 
this property. It is clear that the Pervin quasi-uniform structure has such a 
base as well as the class of quasi-uniform structures introduced by Fletcher 
in [2]. We will say that two Cauchy ultrafilters A1 and ~5’~ on X are equivalent 
provided U[x] E A1 if and only if U[x] E At . Certainly this is an equivalence 
relation on the set of all Cauchy ultrafilters on X. We will denote the equiv- 
alence class containing .M by J&. 
Set A = (A! : A! is a nonconvergent Cauchy ultrafilter on X} and 
X* = X u A. D(V) will denote the set of all mappings 6 from A to X such 
that V[S(k)] E A! w h ere V E &9. Since .A’ is Cauchy, D(V) # o for each 
V’E~. For VE5Yand6ED(V),weset 
S(V, 6) = V u A u {(A, y) : .A? E A and y E V[S(A?)]}. 
LEMMA 2. Y* = (S( V, 6) : V E B, 6 E D(V)} forms a subbase for a quasi- 
uniform structure ??l’* on X*. 
Proof. It is clear that Y* f: O. Let S(V, 8) E Y*. Then S(V, 6) 3 A 
and we show that S( V, 8) 0 S( V, S) C S( V, 8). Suppose (x*, y*) E S( V, 6) and 
(y*, z*) E S(V, 6). Case (a). If x* = x E X, then y* = y E X and 
z*=zEX, Thus (x,y)~V, (y,z)~V and since VoV=V, we have 
x*, z*) = (x, z) E S(V 6). Case (b). x* = A E A. If y* = A! we have 
ix*, z*) = (y*, x*) E &V, S). If y* = y E X, then z* = z E X, y E V[S@)] 
and (y, z) E V. Hence (S(A?), y) E V and consequently (S(d), z) E V since 
V 0 V = V. Then z* = z E V[S(A&)] and (x*, z*) = (A&, z) E S( V, S). 
Therefore, S( V, 6) 0 S( V, S) C S( V, S). 
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THEOREM 1. (X*,%*) is complete. 
Proof. Let .F be a Cauchy filter on X*. Then 9 C ~‘4 where .A’ is an ultra- 
filter. If 4’ converges, ZF has an adherent point and %* is complete. Suppose 
J&’ is not convergent. We show that X E A. Let S( U, 6) E 4*. Since ./Z is 
Cauchy, there exists x* E X* such that S( U, 6) [x*1 E A. If x* = .A?i E A, 
then 
S( u, 6) [x*1 = {.kl} u U[S(J&)]. 
.A’ does not converge to &“i implies there exists S( V, 6) E Y* such that 
S( v, S) [.A&] $ A. S’ mce A is Cauchy, there exists z* # A?i such that 
S(V, y) [ix*] EA. N ow if z* E X there is nothing to show; so we suppose 
that z* = As E A. Then A1 # J?s and we have 
Thus X E .A? since 
X 1 ~M-41 n W(4)1 E A. 
A’,, = {M E A’Z : MC X} is an ultrafilter on X. 
We show that A, is @-Cauchy. If U E @, there exist V E.J% with V C U. 
Let 6 E D(V). Then S(V, S) E f@* so there exists x* E X* such that 
S( v, S) [x*1 E A?. If x* E X we have V[x*] E .A! and thus U[x*] E A,, . If 
x* = A? E A, then V[S(k)] u (A} E A! and since X E .M, we have 
V[S(A)] E A. Consequently, U[S(&] E A,, . Thus A%‘,, is Cauchy on X. 
Either A0 is convergent on X or it is not. Case (1) A,, converges to x. Let 
S(V, S) E Y*. Then S(V, 6) [x] = V[x] E As. Thus S(V, S) [x] E ~4’ and 
we have that A! converges to x which is a contradiction. Case (2). A,, is non- 
convergent on X. Then A$ E A and we show that A converges to J&. If 
S(V, 6) E Y*, 
Now V[S(&)] E us&, and consequently S( V, 6) [.A$] E 4. Therefore, .A 
converges to A0 and this is a contradiction. 
THEOREM 2. (X*, a*) is a contpletion for (X, %). 
Proof. By Theorem 1, (X*, %*) is complete. Let .k E A and U* E Q*. 
Now there exists S(Vl , SJ,..., S(V, , S,) E Y* such that 
f) S(Vi ) 6,) c u*. 
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We have 
S( vi , Si) [A] = {A} u V&(&q] for i = 1,2,... IZ. 
Since V@@)] E J for each i = 1, 2,..., n, we have 
= f) V,[S,(A)] # 0. 
1 
Thus d E X and X = X*. Let Q’ denote the induces quasi-uniform 
structure of 4Y* on X. If U E @ there exists V E 99 with V C U. Let S E D(V). 
Then 5’( V, 8) E %* and V = S( V, 6) n X x X. Thus V E a” and hence 
U E 4’. Suppose U E &‘. Then there exists U* E %* such that 
U = U* n X x X. Since U* E@* there exists S(V, , SJ,..., S(Vn ,a,) E Y* 
such that U* 10: S(Vi , &). Consequently, 
(0 SW, A)) nXxXCU*nXxX=U. 
Therefore, 0,” Vi C U and hence U E %. Thus we have shown that %! = 4’. 
From this it follows that the identity mapping i : (X, @) + (X, @* n X x X) 
is a quasi-uniform isomorphism. 
Remark 1. One can let 
/1 = (9 : 9 is a nonconvergent Cauchy filter on (X, 6)). 
Then using the same construction we get a strong completion of (X, @). 
Denote it by (X,8). It is clear that (X, 6) is not in general the trivial strong 
completion given in construction 1. 
EXAMPLE 3. A space (X, 9~‘) may be 7’r and (X*, %*) not Tl . Consider 
the space (N, 9) described in example 2. It is clear that U, 0 U,, = U,, for 
each U,, in the base B. Thus we may construct the completion (N*, a*). 
There exists an ultrafilter JZ containing the filter base {{n, 71 + I,...} : n E N}. 
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Since %Y is pre-compact, we have that A is a Cauchy filter. Since &Z is non- 
convergent, A? EN*. Let S(U, , 6) E Y*. Clearly, S&k) 3 n. Therefore, 
S(fJn > 8) [Jl = ~nf.wql u vq 
=Nu(A?}. 
Hence (N*, %*) is not T1 . 
THEOREM 3. Let (X, t) be a TI topological space and 92 the Pervin quasi- 
uniform structure. Then (X*, %*) is a TI completion for (X, %). 
Proof. If x, y E X, x # y, there exists 0, W E t such that x E 0, y E W, 
x$ W,andy$O.SinceXEt*, we have 0, WE t*. Let A%?~ f A& be points in 
A and S(U, S) E Y*. Then 
and, 
S(U, 6) [J&l = &+@2, u ~[S(~>l. 
Suppose x E X and A# E A. Since A! does not converge to x, we have {x} 6 A?. 
Now X - {x} E A since A is an ultrafilter. Set 
u = (X - ix}) x (X - {x}) u {x} x x. 
Let x1 E X and x1 # x; if X = {x) we would have X* = X. Define S by 
S(.k) = x1 for each A@ E A. Clearly, U[xJ = X - {x> E JV for each noncon- 
vergent ultrafilter JV”. Thus S E D(U) and S( U, 6) E Y*. Now 
S(U, 6) [Jtt] = {A?} u (X - {x}) 
and X is a neighborhood of x that does not contain k. Therefore, (X*, %*) 
is TI. 
DEFINITION 3.1. (X, a’) is R, if given x E X and U E %, there exists a 
symmetric V E% such that (V 0 V) [x] C U[x]. 
The above condition was introduced in [3]. It might be described as a 
local symmetric triangle inequality. In [3, p. 411, it was shown that if (X, t) is 
regular, then the Pervin structure is R, . 
THEOREM 4. Let (X, %) be a TI and R3 quasi-uniform space. Then (X*, a*) 
is a TI space. 
Proof. It suffices to show that for each x E X and A? E A there exists 
O1,O,~t*suchthatx~0,,~~O,,x~0,,andA?$0,.LetxandA? be 
given. Since A? does not converge to x, there exists U E % such that U[x] # .A!. 
COMPLETENESS IN QUASI-UNIFORM SPACES 625 
There exists a symmetric V E 4 such that (V 0 V) [x] C U[x]. d is Cauchy 
implies that there exists x,, E X with V[x,,] EA. We show that x $ V[x,]. 
Suppose x E V[x,] and let a E Y[xs]. Then (x, x,,) E V and (x0 , a) E V. Hence 
a E (V 0 V) [zc] C U[x]. But this implies that V[x$ C U[x] which is impossible 
since U[x] $4. There exist 6 E D(V) with a(~%‘) = x,, . Then 
x $4 V[x,l u {d2, = S( v, 6) [Aq 
while &? $ X, an open neighborhood of x. Thus (X*, %*) is Tl . 
Remark 2. Listed here are some easily verified properties of (X*, %*). 
(1) X is an open dense subset of X*. 
(2) (X, 4Z) is T,, if and only if (X*, %*) is TO . 
(3) If (X*, %*) has property P and P is an open hereditary property, then 
(X, %) has property P. 
(4) rl is closed in X* and the subspace topology on (1 is the discrete 
topology. 
(5) If (X”, %*) . p 1s re-compact and Hausdorff, then (X, a’) is completely 
regular. 
These properties also hold for (2, &). 
4. A COMPLETION FOR A PRE-COMPACT STRUCTURE 
AND FURTHER EXAMPLES 
Remark 3. Another completion may be obtained by defining X* as 
before and 
S(U) = Uvd u{(.&,y) :~E~andyEU[X]E~forsomexEX). 
Then 8* = {S(U) : U E %} forms a base for a quasi-uniform structure for 
X*. Denote it by &. Then we have (X, @) as an open dense subspace of 
(X*, &) without imposing any conditions on Q. Now if we require % to be 
pre-compact, then essentially the same proof as before shows that (X*, &) is a 
completion for (X, a). We note that the Pervin quasi-uniform structure is 
pre-compact. A proof similar to the proof of Theorem 4 shows that if (X, a) 
is T1 and Ra , then (X*, @) is Tl . 
THEOREM 5. Let (X, a’> be a pre-compact quasi-uniform space. 
(1) (X*, @) is pre-compact if and only if A is finite if and only ;f (X*, &) is 
compact. 
(2) X* is T, implies that X* is compact. 
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Proof. (1) follows from the definition of @ and the fact that completeness 
and pre-compactness are equivalent to compactness. Since every ultrafilter on 
X is Cauchy, it must converge to a point in X* and hence (2) follows from 
Theorem 4.17 in [3]. 
EXAMPLE 4. Let N = (1, 2, 3,...) and let GQ denote the quasi-uniform 
structure generated by the base B = {U, : n EN}, where 
U, ={(x,y) :x =yory >x an}. 
Let udi;, be an ultrafilter containing {N, (2, 3,4 ,... }, (3, 4, 5 ,... } ,... }. Then 
J& E A. We show that A = {yd,} and (N*, tea) is homeomorphic to (N, , tm), 
the one-point compactification of (N, t). 
Let A! be a nonconvergent Cauchy ultrafilter on N. Note that U,[k] = (k) 
if k < n, and U,[k] = {k, k + l,...} if k > n. It follows that U,[Jz] EM if 
and only if U,[k] E J%$. Therefore, .& N A?,, and A = {,A@. Let i : N* + N, 
be the identity on N and i(&,) = co. Now i and i-l are continuous at each 
n EN. We show that i is continuous at A$. Let 0, = (X - 0) u (co} E t, . 
Since 0 is compact, there exists K such that n E 0 implies n < k. Now there 
exist 6 E D(U,) such that S(U, , S)[J&] = (k, K + I,...} u {,A!&}. 6 is defined 
by S(d) = K for each A? E A. Now 
i(S( U, , 8) [A$]) = {k, k + l,... } U { a~} C 0, . 
We show that i-l is continuous at co. Let S( U, , S) be given. Now a(&) 3 k, 
so let 0 = (1, 2,..., S(A’&) - 1)). (If a(&,) = 1, then k = 1 and 
S( U, ,6) [&I = N* and th ere is nothing to show.) Let 0, = {co} u (N - 0). 
Then 0, E t, and 
+(O,) = {A$} u (N - 0) = S(U, ,6) [A!&]. 
EXAMPLE 5. Let I denote the set of integers and 
UTI = d u {(x, Y) :x=y,yZx~n,ory,<x,(--n). 
Let % denote the quasi-uniform structure generated by the base 
VL : n = 0, 1, 2,...}. Then I has the discrete topology and 4 is pre-compact. 
Let .&& be an ultrafrlter containing the filter base ((2, 3, 4 ,... }, (3, 4, 5 ,... } ,... } 
and A-, be an ultrafilter containing the filter base {(- 2, - 3,...}, 
(- 3, - 4,...},...}. Then .A%!~ and A@‘-, are nonconvergent Cauchy ultra- 
filters. Now U,[2] E Am while U,[2] 4 &, . Hence & # .&, . NOW by 
considering the various cases, as in example 3, we have that A = {A@,, k,}. 
Thus (I*, a*) is compact. Now we show that I* is Hausdorff. Since I is 
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discrete and open in I *, it is clear that distinct points in I are separated by 
disjoint open sets in I *. Now let K E I. Choose n > K and - m < k. There 
exists 6, E D( U,) and 6, E D( U,) such that &(.A@,) = 71, 6,(&,,) = - n, 
82(A!m) = m, and S,(d-,) = - m. Now 
and 
{k} n S( U, , 8,) &km1 = 0. 
There exists 6 E D(U,) where S(kJ = 2 and 6(&,) = - 2. Then 
4 U, ,a) b&l n St U2 9 6) PLI 
= ({d+i$} u (2, 3,4 ,... }) n ({dem} u {- 2, - 3, - 4 ,... >) = 0. 
Hence I* is Hausdorff. 
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